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Interacting Fermi systems in the strongly correlated regime play a fundamental role in many ar-
eas of physics and are of particular interest to the condensed matter community. Though weakly
interacting fermions are understood, strongly correlated fermions are difficult to describe theoreti-
cally as there is no small interaction parameter to expand about. Existing strong coupling theories
rely heavily on the so-called many-body T -matrix approximation that sums ladder-type Feynman
diagrams. Here, by acknowledging the fact that the effective interparticle interaction (i.e., the ver-
tex function) becomes smaller above three dimensions, we propose an alternative way to reorganize
Feynman diagrams and develop a theoretical framework for interacting Fermi gases beyond the lad-
der approximation. As an application, we solve the equation of state for three- and two-dimensional
strongly interacting fermions and find excellent agreement with experimental [Science 335, 563
(2012)] and other theoretical results above the temperature 0.5TF .
PACS numbers: 03.75.Hh, 03.75.Ss, 67.85-d
Using Feshbach resonances to tune the s-wave scat-
tering length of two-component atomic Fermi gases [1–
3], the experimental exploration of the crossover from
Bose-Einstein condensates (BEC) to Bardeen-Cooper-
Schrieffer (BCS) superfluids in both three (3D) [4–7] and
two dimensions (2D) [8–16] has attracted significant at-
tention for understanding strongly interacting phenom-
ena. This has offered insight to other strongly interact-
ing systems such as high-Tc superconductors [17], nu-
clear matter [18] and quark-gluon plasma [19]. These
experiments have given a unique challenge to theorists
as strongly correlated matter cannot be quantitatively
described by a simple mean-field theory.
For strongly interacting systems, exact treatments only
exist in some limiting situations, for example, Bethe
ansatz solutions in one dimension [20], virial expansion
at high temperature [21–24] and Tan relations at large
momentum [25–28]. Numerically exact and sophisti-
cated quantum Monte Carlo (QMC) simulations have
also been developed [29–33], however, these approaches
have their own difficulty evaluating experimentally rel-
evant observables. In addition to the exact techniques,
there have been many attempts to solve strongly inter-
acting fermions through approximate diagrammatic the-
ories. A commonly used approximation is to sum over
the complete geometric series of ladder diagrams, lead-
ing to the Gaussian pair fluctuation (GPF) theory [34–
43]. Though the GPF theory seems to provide consistent
predictions for recent experiments within certain errors
[44–46], it is hard to evaluate its validity. Improvements
of using fully dressed Green function in ladder diagrams,
i.e., the partially self-consistent pseudogap theory [47]
or fully self-consistent GG theory [48–51], meet similar
problems. To develop a better strong-coupling theory
one needs to consider terms beyond GPF, which turns
out to be a notoriously difficult issue.
In this work, we attempt to tackle this daunting task
and develop a beyond GPF theory, as inspired by a di-
mensional  expansion [52–56]. It was recognized that in
the unitary regime [57] - where a bound state with zero
energy appears - and near four dimensions (d = 4 − ),
for small , the two-component Fermi gas behaves like
a system of non-interacting composite bosons. This is
indicative of weaker effective interparticle interactions
above three dimensions, as characterized by the particle-
particle vertex function Γ. With such a re-interpretation
of the small parameter in the dimensional expansion, i.e.,
the use of Γ instead of , we re-organize higher-order
Feynman diagrams beyond GPF, within the functional
path-integral approach. In principle, the resulting sys-
tematic expansion in terms of the vertex function is con-
vergent for dimensions where  < 1, and may also asymp-
totically converge at three dimensions, where  = 1, fol-
lowing the extrapolation strategy in Ref. [31]. Building
upon this generalization of the  expansion, we exam-
ine the leading-order correction to the GPF. As a test,
we apply our theory to 3D and 2D strongly interacting
systems, finding excellent agreement with experimental
benchmarks and other theoretical techniques within a
certain temperature window.
Effective field theory. — We consider the thermo-
dynamic potential, Ω = −kBT lnZ, at a given tem-
perature T using the functional path-integral formula-
tion, which has been extensively adopted in both 3D
and 2D [35, 39, 42, 43]. The partition function, Z =´ D [ψ, ψ¯] e−S[ψ,ψ¯], where ψ and ψ¯ are independent
Grassmann fields, is defined through the action
S[ψ, ψ¯] =
ˆ h¯β
0
dτ
ˆ
dr
[∑
σ
ψ¯σ(x)∂τψσ(x) +H
]
, (1)
where the single-channel model Hamiltonian is H =∑
σ ψ¯σ(x)Kψσ(x) + U0ψ¯↑(x)ψ¯↓(x)ψ↓(x)ψ↑(x), K =
−h¯2∇2/(2m) − µ, β = (kBT )−1, m is the mass of a
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2fermion, µ is the chemical potential, and throughout we
shall use the notation x = (x, τ). We take a contact
attractive interaction, U0 < 0, which has known diver-
gences and must be fixed [45]. We will write most of the
equations detailed in this work using the bare interaction,
dealing with the divergences where necessary. Using the
Hubbard-Stratonovich transformation to write the action
in terms of a bosonic field, ∆(q), and expanding about its
saddle point ∆0, ∆(q) = ∆0 +ϕq, we take a perturbative
expansion of the bosonic action in orders of the fluctu-
ation as Seff [∆,∆∗] = S(0)MF + S(2)GF + S(3) + S(4) + . . . ,
where S(0)MF is the mean-field contribution and the higher
orders are
S(2)GF =
1
2
∑
q
(
ϕ∗q , ϕ−q
) [−Γ−1(q)]( ϕq
ϕ−q
)
, (2)
S(n) = 1
n
Tr [(G0(k)Λ(k))
n
] . (3)
Here we define G0Λ = G0ϕqσ
+ + G0ϕ
∗
−qσ
−, where
G0 =
(
iωm − ξk −∆0
−∆0 iωm + ξk
)−1
, (4)
ξk = εk − µ and εk = h¯2k2/(2m), and σ± = 12 (σ1 ±
iσ2) are the Pauli matrices. The trace in Eq. (3)
is over all space and spin indices and we have used
the summation convention
∑
k ≡ (kBT/V )
∑
k,iωm
and∑
q ≡ (kBT/V )
∑
q,iνn
, where iνn and iωm are bosonic
and fermionic Matsubara frequencies, respectively. The
second-order Gaussian fluctuation term, S(2)GF, is the re-
peated scattering of two opposite spin fermions, and the
elements of the vertex function, Γ(q), are given by,
Γ11(q) = 1/U0 +
∑
k
G
(0)
11 (q − k)G(0)11 (k), (5)
Γ12(q) =
∑
k
G
(0)
12 (q − k)G(0)12 (k), (6)
Γ21(q) = Γ12(q) and Γ22(q) = Γ11(−q). In the nor-
mal phase where there is no superfluid order param-
eter, i.e. ∆0 = 0, the vertex function is given by,
Γ−1(q) = 1/U0 +
∑
kG0(q − k)G0(k). In the original
Gaussian fluctuation theory (known alternatively as the
NSR theory) [34], terms beyond S(2)GF are simply dis-
carded and the bosonic fields are integrated out, giving
Ω = Ω0 +Ω
(2)
GF, where Ω0 is the thermodynamic potential
for a non-interacting Fermi gas and the Gaussian fluctua-
tion contribution is Ω
(2)
GF =
∑
q ln[−Γ−1(q)]. The number
equation, n = −∂Ω/∂µ, should be satisfied by adjusting
the chemical potential for a given reduced temperature,
T/TF, and the equation of state can then be found. The
higher order terms, S(n), contain beyond Gaussian con-
tributions of the bosonic fluctuation, ϕq, and the treat-
ment of these terms in the literature is sparse [58].
FIG. 1. Two fermion scattering in the unitary limit showing
the repeated ladder diagrams near four dimensions.
Re-interpretation of the  expansion. — To calculate
the beyond Gaussian contribution, we tie the GPF theory
to the dimensional  expansion by clarifying the structure
of the vertex function, Γ(q), near four dimensions [59].
We split the normal-state vertex function into its two-
and many-body parts, Γ−1(q) = Γ−12b (q) + Γ
−1
mb(q), where
Γ−12b (q) =
1
U0
−
∑
k
1
iνn − εq/2− 2k − 2µ, (7)
Γ−1mb(q) =
∑
k
f
(
ξq/2−k
)
+ f
(
ξq/2+k
)
iνn − εq/2− 2εk − 2µ . (8)
For small  = 4 − d and in the unitary limit, the two-
body part of the vertex function, Γ−12b (q), has a pole and
dominates the inverse vertex function,
Γ−12b '
m2
8pi2h¯4
(iνn − εq/2 + 2µ) = 1
g2D2 (q)
, (9)
where we define g2 = (8pi2h¯4/m2) and the bosonic prop-
agator, D(q) = (iνm− εq + 2µ)−1. Thus, we see that the
vertex function, Γ(q), within the ladder approximation
has the leading contribution of O() near four dimensions
in the unitary regime. This is visualized in Fig. 1, where
we show the contribution of the two-body scattering near
four dimensions.
In the  expansion, the series is arranged accord-
ing to orders of , or equivalently Γ2b [53]. While
such an arrangement is convenient to analytically cal-
culate the next-to-leading order (NLO) [53] or next-
to-next-to-leading order (NNLO) of the expansion [56],
it was known that one may encounter a convergence
problem in dealing with some dangerous higher-order
terms that contribute like O(n!n) due to the exponen-
tially large prefactor n! [60]. These terms are contri-
butions from the many-body part of the vertex func-
tion, Γmb, to the Gaussian fluctuation part of the
thermodynamic potential, Ω
(2)
GF. The summation of
these terms is given by,
∑∞
n=1,q(−1)n+1
[
Γ2bΓ
−1
mb
]n
/n =∑
q ln [1 + Γ2b/Γmb] [59], and combining this with the
two-body part,
∑
q ln[−Γ−12b (q)], we recover Ω(2)GF. There-
fore, since Ω
(2)
GF contains one power of the vertex func-
tion, which is O() at the NLO, the  expansion can be
3understood from the framework of the GPF theory. This
re-interpretation suggests that it might be more useful to
make an expansion in terms of the vertex function, Γ(q),
instead of .
Beyond GPF. — As previously noted we have the ef-
fective bosonic action, Seff , and it is not possible to in-
tegrate out the bosonic fluctuations for orders beyond
n = 2 without significant approximations. Using the
re-interpretation of the the -expansion we expand the
higher order action terms and use the vertex function as
a perturbation parameter, since the higher order contri-
butions to the action will contain multiples of the vertex
function and contribute O() near four dimensions. In
these cases we may treat the terms S(n>2) as pertur-
bative terms with respect to S
(2)
GF and take them into
account order by order, using a standard diagrammatic
approach. That is, by denoting, Vˆ = S(3) +S(4) + ..., we
have for the partition function
Z = e−S(0)MF
ˆ
D [∆,∆∗] e−(S(2)GF+Vˆ )
= e−S
(0)
MF
ˆ
D [∆,∆∗] e−S(2)GF
∞∑
n=0
(−)n
n!
〈
Vˆ1Vˆ2 . . . Vˆn
〉
,
(10)
where we have inserted a normalization term and defined,
for any observable (operator) Aˆ,
〈
Aˆ
〉
=
´ D [∆,∆∗] Aˆ e−S(2)GF´ D [∆,∆∗] e−S(2)GF . (11)
Using the linked cluster expansion, we may write,
Z = e−S(0)MF
ˆ
D [∆,∆∗] e−S(2)GF exp
( ∞∑
l=1
Ul
)
, (12)
where the only contribution to the partition function is
from the differently-connected diagrams,
Ul =
(−)l+1
l
〈
Vˆ1Vˆ2 . . . Vˆl
〉
dc
. (13)
The expansion of the thermodynamic potential is then
given by,
Ω = Ω
(0)
MF + Ω
(2)
GF +
1
βV
∞∑
l=1
(−)l+1
l
〈
Vˆ1Vˆ2 . . . Vˆl
〉
dc
. (14)
We refer to Supplemental Material for discussions on how
to calculate diagrams related to Ul [59]. The expan-
sion should converge near four dimensions, where Γ(q)
is small. Therefore, to select the important diagrams in
the calculation of the thermodynamic potential for 3D or
2D, we choose the leading diagrams in orders of  near
four dimensions. Under this guidance, the leading or-
der term beyond GPF is the connected diagram, 〈S(4)〉,
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FIG. 2. The chemical potential, µ/EF, plotted as a function of
reduced temperature, T/TF, found from the MIT experiment
(maroon circles) [7], GG T -matrix (black solid) [48], NSR (red
dashed) [34] and 〈S(4)〉 (blue dotted). The inset highlights the
high-temperature region for the same figure.
which for the normal state is given by,
1
βV
〈S(4)〉 =
∑
k
[G0(k)Σ0(k)]
2
, (15)
where the self-energy term is, Σ0(k) =
∑
q G0(q−k)Γ(q)
[59]. In the superfluid phase, it takes a more complicated
form, (βV )−1〈S(4)〉 = Ω(a) + Ω(b) + Ω(c), where
Ω(a) =
∑
k
G
(0)
11 (k)G
(0)
11 (k)Σ
(0)
11 (k)Σ
(0)
11 (k), (16)
Ω(b) =
∑
k
G
(0)
12 (k)G
(0)
12 (k)Σ
(0)
11 (k)Σ
(0)
22 (k), (17)
Ω(c) =
∑
kq1q2
G
(0)
12 (k)G
(0)
11 (k − q1)G(0)12 (k − q1 + q2)
G
(0)
22 (k + q2)Γ11(q1)Γ11(q2), (18)
Σ
(0)
11 (k) =
∑
kG
(0)
11 (q − k)Γ(0)11 (k) and Σ(0)22 (k) =
−Σ(0)11 (−k). As we can see, 〈S(4)〉 contains two Γ(q) and
near four dimensions is the NNLO, O(2) contribution.
In other words, if we calculate 〈S(4)〉 in d = 4−  dimen-
sions and numerically extract the coefficients atO(2), we
are able to recover the NNLO  expansion [56]. Higher
order  expansions can be obtained if we go further be-
yond GPF.
Equation of state. — As an application of our beyond
GPF theory, we determine the equation of state of an
above threshold strongly interacting Fermi gas in both
3D and 2D, by solving the number equation for the ther-
modynamic potential, Ω = Ω
(0)
MF + Ω
(2)
GF + (βV )
−1〈S(4)〉.
Material [59]. We use 〈S(4)〉 as the shorthand notation
for our beyond GPF theory in the normal state.
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FIG. 3. The density equation of state, n/n0, plotted as a
function of βµ, normalized by the ideal gas result, n0, at the
same temperature T and chemical potential µ, found from the
MIT experiment (maroon circles with error bars), GG (black
solid), NSR (red dashed), 〈S(4)〉 (blue dotted), and bold-
diagrammatic QMC (green squares) [31]. The inset blows
up the non-degenerate region for the same plot.
In Fig. 2, we report the chemical potential of a 3D
unitary Fermi gas as a function of reduced tempera-
ture, T/TF, predicted from the 〈S(4)〉, NSR [34] and self-
consistent GG theories [48], and measured by the MIT
experiment [7]. Here, we find that the 〈S(4)〉 prediction is
in excellent agreement with the experimental data down
to 0.5TF , below which our prediction begins to diverge
away from the NSR solution and pairing fluctuations in
〈S(4)〉 start to dominate. This is because, as the temper-
ature becomes lower the effective interaction and fluctua-
tion between pairs become stronger and the NSR approx-
imation itself [37, 38, 44], and leading-order correction
beyond GPF are no longer controllable.
A further comparison is given in Fig. 3, where we plot
the density equation of state, n/n0, as a function of βµ,
normalized by the ideal gas result at the same tempera-
ture T and chemical potential µ. We find again an excel-
lent agreement between the 〈S(4)〉 prediction and experi-
mental data up to values of βµ ' 0, as seen clearly in the
inset of Fig. 3 for high temperatures. The 〈S(4)〉 predic-
tion agrees well with the experimental data, and shows
that our beyond GPF theory is and improvement on GG
theory and comparable to bold-diagrammatic QMC [31],
up to slightly below the Fermi degeneracy. The 〈S(4)〉
theory breaks down at lower temperatures, βµ ' 1, and
as mentioned earlier this is due to the unphysical pair
fluctuations dominating as we only calculate the leading
term. Our calculations are not stable towards the exper-
imentally measured critical temperature. To understand
the superfluid transition using our beyond GPF theory,
a below Tc calculation with the inclusion of a superfluid
order parameter will be implemented and reported later
in a more detailed publication.
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FIG. 4. The density equation of state, n/n0, normalized by
the ideal gas result at the same temperature for the GG (black
solid) [46, 51], NSR (red dashed) [41, 46], 〈S(4)〉 and the ex-
perimental results [16] at interaction strengths βεB = 0.47,
βεB = 0.26 , βεB = 0.06 and βεB = 0.0045.
Encouraged by the excellent agreement between the
beyond GPF theory and experiment in 3D, we now turn
to consider the density equation of state for a 2D system,
where pair fluctuations are believed to become larger.
The results are shown in Fig. 4 for the 〈S(4)〉 (blue
dotted) and for comparison we plot two theoretical ap-
proaches, the NSR (red dashed) [41, 46] and GG (black
solid) calculation [46, 51], and the experimental results
[16] for interaction strengths βεB = 0.47 (purple cir-
cles), βεB = 0.26 (green triangles), βεB = 0.06 (blue
diamonds), and βεB = 0.0045 (red squares).
The addition of the higher order terms in the 〈S(4)〉
calculation greatly improves the NSR theory for all in-
teractions and temperatures, and the resulting prediction
is comparable to the experimental data and GG calcula-
tion up to βµ ' 0. We can see the 〈S(4)〉 breaking down
for low temperatures in Fig. 4(a) and this is due to the
fluctuation of pairs becoming more important as in 3D.
For the weaker interactions in Figs. 4(c) and 4(d), the
inclusion of the 〈S(4)〉 calculation approaches the experi-
mental and GG results.
Conclusions. — We have extended the many-body
strong-coupling theory beyond the commonly used Gaus-
sian fluctuation approximation (i.e., the NSR [34] or
GPF theory [36]). Inspired by the dimensional expan-
sion near four dimensions [53] and using the functional
path-integral formulation of the thermodynamic poten-
tial [35], we artificially treat a strongly interacting Fermi
gas as a system of weakly interacting Cooper pairs and
use the vertex function summed over the ladder-type di-
agrams as a small parameter. This treatment is well jus-
tified near four dimensions, where the vertex function is
indeed small [53]. Following this generalization of the
5dimensional expansion, we re-organize the Feynman dia-
grams and determine the leading correction term to the
Gaussian fluctuations. Applying such a beyond Gaussian
fluctuation theory to the three-dimensional strongly in-
teracting unitary Fermi gas in its normal state, we have
calculated the equation of state and compared the pre-
diction with the latest experimental data [7] and other
theoretical results [34, 48]. We have found a sizable im-
provement on previous many-body calculations down to
temperatures of 0.5TF. To further examine the advan-
tage of the theory, we have considered a strongly inter-
acting two-dimensional Fermi gas, for which the pair fluc-
tuations are more significant, and have shown that our
theory significantly improves the NSR calculation and
captures the high-temperature behavior for strong inter-
actions.
Our theory for the normal state breaks down before
the superfluid transition in both 3D and 2D as the NSR
theory itself breaks down [37, 38], and we expect that the
addition of more terms will lower the temperature range
of validity. At zero temperature, where the GPF theory
is more reliable [36, 39, 42], we anticipate our theory
(i.e., Eqs. (16)-(18)) will provide quantitatively accurate
predictions for strongly interacting Fermi gases.
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